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Abstract
In this paper, a Barnes-Godunova-Levin type inequality for the Sugeno integral based
on an (α,m)-concave function is proved. Some examples are given to illustrate the
validity of these inequalities. Finally, several important results, as special cases of an
(α,m)-concave function, are also obtained.
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1 Introduction
As a tool for modeling non-deterministic problems, the theory of fuzzy measures and
fuzzy integrals was introduced by Sugeno in []. Many authors generalized the Sugeno in-
tegral by using some other operators to replace the special operator(s) ∨ and/or ∧ and
introduced Choquet-like integral [], Shilkret integral [], ⊥-integral [], and pseudo-
integral []. Suárez and Gil [] presented two families of fuzzy integrals, the so-called
seminormed fuzzy integral and semiconormed fuzzy integral. Wang and Klir [] provided
a general overview on fuzzy measurement and fuzzy integration.
Recently, Flores-Franulič et al. [–] generalized several classical integral inequalities
of the Sugeno integral. Agahi et al. [] proved a general Barnes-Godunova-Levin type
inequality of the Sugeno integral for a concave function. In [], Mihesan introduced the
concept of (α,m)-convex function. For recent results and generalizations concerning m-
convex and (α,m)-convex functions, we refer to [–]. The purpose of this paper is
to prove a Barnes-Godunova-Levin type inequality for the Sugeno integral based on an
(α,m)-concave function. Some examples are given to illustrate the results.
After some preliminaries and summarization of previous known results in Section ,
Section  dealswith aBarnes-Godunova-Levin type inequality for the Sugeno integral, and
some examples are given to illustrate the results. Finally, as special cases, some remarks
are obtained.
2 Preliminaries
In this section, we recall some basic deﬁnitions or properties of a fuzzy integral and an
(α,m)-concave function. For details, we refer the reader to Refs. [, , ].
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Suppose that ℘ is a σ -algebra of the subsets of X, and let μ : ℘ → [,∞) be a non-
negative, extended real-valued set function.We say thatμ is a fuzzymeasure if it satisﬁes:
() μ(∅) = ;
() E,F ∈ ℘ and E ⊂ F imply μ(E)≤ μ(F);
() {En} ⊂ ℘ , E ⊂ E ⊂ · · · , imply limn→∞μ(En) = μ(⋃∞n= En);
() {En} ⊂ ℘ , E ⊃ E ⊃ · · · , μ(E) <∞, imply limn→∞μ(En) = μ(⋂∞n= En).
Deﬁnition . (Mihesan []) The function f : [,b] → R is said to be (α,m)-concave,
where (α,m) ∈ [, ], if for every x, y ∈ [,b] and t ∈ [, ], it satisﬁes
f
(
tx +m( – t)y
) ≥ tαf (x) +m( – tα)f (y). (.)
Note that for (α,m) ∈ {(, ), (α, ), (, ), (,m), (, ), (α, )} one obtains the following
classes of functions: decreasing, α-starshaped, starshaped, m-concave, concave and α-
concave.
If f is a non-negative real-valued function deﬁned onX, we denote the set {x ∈ X : f (x)≥
α} = {x ∈ X : f ≥ α} by Fα for α ≥ . Note that if α ≤ β then Fβ ⊂ Fα .
Let (X,℘,μ) be a fuzzy measure space, we denote by M+ the set of all non-negative
measurable functions with respect to ℘ .
Deﬁnition . (Sugeno []) Let (X,℘,μ) be a fuzzy measure space, f ∈ M+ and A ∈ ℘ .









α ∧ μ(A∩ Fα)
]
, (.)











where ∨ and ∧ denote the operations sup and inf on [,∞), respectively.
The properties of the Sugeno integral are well known and can be found in [].
Proposition . Let (X,℘,μ) be a fuzzy measure space, A,B ∈ ℘ and f , g ∈M+ then:
() (S)
∫
A f dμ ≤ μ(A);
() (S)
∫
A k dμ = k ∧ μ(A), k for a non-negative constant;
() (S)
∫
A f dμ ≤(S)
∫
A g dμ for f ≤ g ;
() (S)
∫
A∪B f dμ ≥(S)
∫
A f dμ ∨ (S)
∫
B f dμ;
() μ(A∩ {f ≥ α})≥ α ⇒ (S) ∫A f dμ ≥ α;
() μ(A∩ {f ≥ α})≤ α ⇒ (S) ∫A f dμ ≤ α;
() (S)
∫
A f dμ > α ⇔ there exists γ > α such that μ(A∩ {f ≥ γ }) > α;
() (S)
∫
A f dμ < α ⇔ there exists γ < α such that μ(A∩ {f ≥ γ }) < α.
Remark . Consider the distribution function F associated to f on A, that is, F(α) =
μ(A∩ {f ≥ α}). Then, due to () and () of Proposition ., we have F(α) = α ⇒
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(S)
∫
A f dμ = α. Thus, from a numerical point of view, the Sugeno integral can be cal-
culated solving the equation F(α) = α.
Deﬁnition . Functions f , g : X → R are said to be co-monotone if for all x, y ∈ X,
(
f (x) – f (y)
)(
g(x) – g(y)
) ≥ , (.)
and f and g are said to be counter-monotone if for all x, y ∈ X,
(
f (x) – f (y)
)(
g(x) – g(y)
) ≤ . (.)
It is clear that if f and g are co-monotone, then for any real numbers s, t either Fs ⊆ Gt
or Ft ⊆Gs.
2.1 Barnes-Godunova-Levin type inequality for the Sugeno integral based on an
(α,m)-concave function

























and f , g are non-negative concave functions on [a,b].
Unfortunately, the following example shows that the Barnes-Godunova-Levin type in-
equality for the Sugeno integral is not valid.
Example Consider X = [, ] and p = q = . Let m be the Lebesgue measure on X. If



























































f (x)g(x)dm = ..
This proves that the Barnes-Godunova-Levin type inequality for the Sugeno integral is
not satisﬁed.
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The aimof thiswork is to show aBarnes-Godunova-Levin type inequality for the Sugeno
integral with respect to an (α,m)-concave function.
Theorem . Let X = [, ], α,m ∈ (, ) and f , g be (α,m)-concave functions for all x ∈ X.
If m is a Lebesgue measure on X, then




f (x)g(x)dx≥ tt ∧
(
 –
( t –mf ()























Case (ii). If f () > f () and g() > g(), then
Case (a). If f ()f () <
g()
g() , then




f (x)g(x)dx≥ tt ∧
(
 –
( t –mf ()

















































f (x)g(x)dx≥ tt ∧
( t –mf ()

























f (x)g(x)dx≥ tt ∧
( t –mf ()
f () –mf ()
) 
α
∧ ∧ g(), (.)













f (x)g(x)dx≥ tt ∧
( t –mf ()
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Case (b). If f ()f () =
g()
g() , then




f (x)g(x)dx≥ tt ∧
(
 –
( t –mf ()



























f (x)g(x)dx≥ tt ∧ f ()∧ g()∧ , (.)













f (x)g(x)dx≥ tt ∧
( t –mf ()


















Case (c). If f ()f () >
g()
g() , then




f (x)g(x)dx≥ tt ∧
(
 –
( t –mf ()



























f (x)g(x)dx≥ tt ∧
(
 –
( t –mf ()




∧ g()∧ , (.)













f (x)g(x)dx≥ tt ∧
(
 –
( t –mf ()
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f (x)g(x)dx≥ tt ∧
( t –mf ()


















Proof Let p,q ∈ (,∞), ((S) ∫  f p(x)dx)





q = t. Since f , g :
[, ]→ [,∞) are two (α,m)-concave functions for x ∈ [, ], we have
f (x) = f
(
m( – x) ·  + x · ) ≥m( – xα)f () + xαf () = h(x), (.)
g(x) = g
(
m( – x) ·  + x · ) ≥m( – xα)g() + xαg() = h(x). (.)
Case (i). If f () ≤ f () and g() ≤ g(), then by () of Proposition . and the co-













β ∧ μ([, ]∩ {h(x)h(x)≥ β
}))
≥ tt ∧ μ
(
[, ]∩ {h(x)h(x)≥ tt
})
≥ tt ∧ μ
(
[, ]∩ {h(x)≥ t
} ∩ {h(x)≥ t
})
= tt ∧ μ
(
[, ]∩ {h(x)≥ t
}) ∧ μ([, ]∩ {h(x)≥ t
})
= tt ∧ μ
(
[, ]∩ {h(x)≥ t
}) ∧ μ([, ]∩ {h(x)≥ t
})
= tt ∧ μ
(
[, ]∩ {m( – xα)f () + xαf ()≥ t
})
∧ μ([, ]∩ {m( – xα)g() + xαg()≥ t
})





( t –mf ()

















( t –mf ()













Case (ii). If f () > f () and g() > g(), then by () of Proposition . and the co-














β ∧ μ([, ]∩ {h(x)h(x)≥ β
}))
≥ tt ∧ μ
(
[, ]∩ {h(x)h(x)≥ tt
})
≥ tt ∧ μ
(
[, ]∩ {h(x)≥ t
} ∩ {h(x)≥ t
})
= tt ∧ μ
(
[, ]∩ {h(x)≥ t
}) ∧ μ([, ]∩ {h(x)≥ t
})
= tt ∧ μ
(
[, ]∩ {h(x)≥ t
}) ∧ μ([, ]∩ {h(x)≥ t
})
= tt ∧ μ
(
[, ]∩ {m( – xα)f () + xαf ()≥ t
})
∧ μ([, ]∩ {m( – xα)g() + xαg()≥ t
})
= tt ∧ μ
(
[, ]∩ {mf () + (f () –mf ())xα ≥ t
})
∧ μ([, ]∩ {mg() + (g() –mg())xα ≥ t
})
. (.)
Case (a). If f ()f () <
g()
g() , then by (.) we obtain




f (x)g(x)dx≥ tt ∧
(
 –
( t –mf ()































f (x)g(x)dx≥ tt ∧
( t –mf ()
















f (x)g(x)dx≥ tt ∧
( t –mf ()
f () –mf ()
) 
α
∧ g()∧ . (.)




f (x)g(x)dx≥ tt ∧
( t –mf ()









Case (b). If f ()f () =
g()
g() , then by (.) we obtain







( t –mf ()
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f (x)g(x)dx≥ tt ∧ f ()∧ g()∧ . (.)




f (x)g(x)dx≥ tt ∧
( t –mf ()









Case (c). If f ()f () >
g()
g() , then by (.) we obtain




f (x)g(x)dx≥ tt ∧
(
 –
( t –mf ()

















f (x)g(x)dx≥ tt ∧
(
 –
( t –mf ()




∧ g()∧ . (.)




f (x)g(x)dx≥ tt ∧
(
 –
( t –mf ()
























f (x)g(x)dx≥ tt ∧
( t –mf ()









This completes the proof. 
Example Consider X = [, ] and p = , q = . If we take the functions f (x) = √x, g(x) =
√x, then f (x), g(x) are two (  ,  ) -concave functions. In fact, t
√x = f (x ·  +  ( – x) · ) ≥
x  f () +  ( – x

 )f () = x  for t ≥  . Letm be the Lebesgue measure on X. A straightfor-
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f (x)dm = (S)
∫ 

g(x)dm = ., (S)
∫ 

f (x)g(x)dm = ..













































= .∧ .∧ . = .. (.)
Now, we will prove the general cases of Theorem ..
Theorem . Let X = [a,b], α,m ∈ (, ) and f , g be (α,m)-concave functions for all x ∈ X.
If μ is a Lebesgue measure on X, then









( t –mf (a)
























Case (ii). If f (a) > f (b) and g(a) > g(b), then
Case (a). If f (b)f (a) <
g(b)
g(a) , then









( t –mf (a)

















































Case . If m ∈ ( f (b)f (a) , g(b)g(a) ), then




f (x)g(x)dx≥ tt ∧
(
(b –ma)
( t –mf (a)





























f (x)g(x)dx≥ tt ∧ g(b)∧ (b – a)∧
(
(b –ma)
( t –mf (a)




















f (x)g(x)dx≥ tt ∧
(
(b –ma)
( t –mf (a)
























Case (b). If f (b)f (a) =
g(b)
g(a) , then









( t –mf (a)




























f (x)g(x)dx≥ tt ∧ f (b)∧ g(b)∧ (b – a), (.)













f (x)g(x)dx≥ tt ∧
(
(b –ma)
( t –mf (a)
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Case (c). If f (b)f (a) >
g(b)
g(a) , then









( t –mf (a)

































( t –mf (a)




∧ g(b)∧ (b – a),
(.)


















( t –mf (a)



















































f (x)g(x)dx≥ tt ∧
(
(b –ma)
( t –mf (a)
























Proof Let p,q ∈ (,∞), ((S) ∫ ba f p(x)dx)





q = t. Since f , g :
[a,b]→ [,∞) are two (α,m)-concave functions for x ∈ [a,b], we have
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 – x –mab –ma
)

















 – x –mab –ma
)












g(b) = h(x). (.)
Case (i). If f (a) ≤ f (b) and g(a) ≤ g(b), then by () of Proposition . and the co-













β ∧ μ([a,b]∩ {h(x)h(x)≥ β
}))




≥ tt ∧ μ
(
[a,b]∩ {h(x)≥ t
} ∩ {h(x)≥ t
})
= tt ∧ μ
(
[a,b]∩ {h(x)≥ t
}) ∧ μ([a,b]∩ {h(x)≥ t
})
= tt ∧ μ
(
[a,b]∩ {h(x)≥ t
}) ∧ μ([a,b]∩ {h(x)≥ t
})





































( t –mf (a)





















( t –mf (a)















Case (ii). If f (a) > f (b) and g(a) > g(b), then by () of Proposition . and the co-














β ∧ μ([a,b]∩ {h(x)h(x)≥ β
}))




≥ tt ∧ μ
(
[a,b]∩ {h(x)≥ t
} ∩ {h(x)≥ t
})
= tt ∧ μ
(
[a,b]∩ {h(x)≥ t
}) ∧ μ([a,b]∩ {h(x)≥ t
})
= tt ∧ μ
(
[a,b]∩ {h(x)≥ t
}) ∧ μ([a,b]∩ {h(x)≥ t
})



























































Case (a). If f (b)f (a) <
g(b)
g(a) , then by (.) we obtain









( t –mf (a)



































f (x)g(x)dx≥ tt ∧
(
(b –ma)
( t –mf (a)
























( t –mf (a)
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f (x)g(x)dx≥ tt ∧
(
(b –ma)
( t –mf (a)















Case (b). If f (b)f (a) =
g(b)
g(a) , then by (.) we obtain









( t –mf (a)



















f (x)g(x)dx≥ tt ∧ f (b)∧ g(b)∧ (b – a). (.)




f (x)g(x)dx≥ tt ∧
(
(b –ma)
( t –mf (a)















Case (c). If f (b)f (a) >
g(b)
g(a) , then by (.) we obtain









( t –mf (a)
























( t –mf (a)




∧ g(b)∧ (b – a). (.)
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( t –mf (a)

































f (x)g(x)dx≥ tt ∧
(
(b –ma)
( t –mf (a)















This completes the proof. 
Example Consider X = [, ] and p = , q = . Let m be the Lebesgue measure on X. If
we take the function f (x) = 
√
 – x, g(x) = 
√
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f (x)dm = (S)
∫ 

g(x)dm = , (S)
∫ 

f (x)g(x)dm = ..






























































= .∧ .∧ . = .. (.)
As some special cases of (α,m)-concave functions in Theorem., we have the following
results.
Remark . Let X = [a,b], α =m =  and f , g be two decreasing functions for all x ∈ X. If



















∧ f (b)∧ g(b)∧ (b – a).
(.)
Remark . Let X = [a,b], α = ,m =  and f , g be two starshaped functions for all x ∈ X.




f (x)g(x)dx≥ tt ∧ b
(
















Remark . Let X = [a,b], α = , m ∈ (, ) and f , g be two m-concave functions for all
x ∈ X. If μ is a Lebesgue measure on X, then









( t –mf (a)




















Case (ii). If f (a) > f (b) and g(a) > g(b), then
Case (a). If f (b)f (a) <
g(b)
g(a) , then
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f (x)g(x)dx≥ tt ∧
(
(b –ma)
( t –mf (a)


























f (x)g(x)dx≥ tt ∧ g(b)∧ (b – a)∧
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(b –ma)
( t –mf (a)



















f (x)g(x)dx≥ tt ∧
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(b –ma)
( t –mf (a)






















Case (b). If f (b)f (a) =
g(b)
g(a) , then
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f (x)g(x)dx≥ tt ∧ f (b)∧ g(b)∧ (b – a), (.)













f (x)g(x)dx≥ tt ∧
(
(b –ma)
( t –mf (a)






















Case (c). If f (b)f (a) >
g(b)
g(a) , then
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( t –mf (a)
f (b) –mf (a)
)))
∧ g(b)∧ (b – a), (.)
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Case . Ifm ∈ ( f (b)f (a) , ), then




f (x)g(x)dx≥ tt ∧
(
(b –ma)
( t –mf (a)






















Remark . [] Let X = [a,b], α = , m =  and f , g be two concave functions for all
x ∈ X. If μ is a Lebesgue measure on X, then









( t – f (a)
























f (x)g(x)dx≥ f (a)g(a)∧ (b – a). (.)




f (x)g(x)dx≥ tt ∧
(
(b – a)
( t – f (a)


















Remark . Let X = [a,b], α ∈ (, ), m =  and f , g be two α-starshaped functions for






























Remark . Let X = [a,b], α ∈ (, ), m =  and f , g be two α-concave functions for all
x ∈ X. If μ is a Lebesgue measure on X, then
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f (x)g(x)dx≥ f (a)g(a)∧ (b – a). (.)




f (x)g(x)dx≥ tt ∧
(
(b – a)
( t – f (a)
























In this paper, we have investigated the Barnes-Godunova-Levin type inequality of the
Sugeno integral with respect to an (α,m)-concave function. For further investigations,
we will continue to explore other integral inequalities for the Sugeno integral related to
(α,m)-concavity.
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